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Inspecting the phase pattern, we find that for the limit cycles we have »<C an — 2b
and z > 2b. Within the region defined by these inequalities the function f (v, z) moving
along the curve (9) changes its sign once only, namely at the point of intersection of (9)
with the hyperbola (the line z = v -+ 2b does not intersect (9) within this region). If
the curves (9) and (12) intersected each other at more than two points, then the function
f (v 2) would change sign more than once on (9).

The author thanks N, N, Bautin for useful remarks.
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The problem of choosing a law of time variation of controlling forces of bounded abso-
lute value which ensure a minimal deviation measure at the end of the wajectory and a
minimal control measure is investigated for linear systems with a fixed time of motion.
It shows that a unique optimal trajectory and a unique control exist for this optimal ter-
minal control problem, The possibility of using the Pontriagin maximum principle to
solve this problem is demonstrated and the practical difficiulties of such an approach
are pointed out, These difficulties can be overcome by means of the proposed approxi-
mate method for solving the two-point boundary value problem arising from the appli-
cation of the maximum principle. A procedure for the practical realization of the above
method on a computer is described,

1, Formulation of the problem, Let the motion of some system be descri-
bed by the followmg d1fferent131 equations with variable coefficients:

9 a,, (D, + vao(t)u(z)+;‘(t), g (t)=2" W=1...m (1)

dt
vem e ],
Here #, are the phase coordinates of the system in question ; a,,(t) and b,, (1) are the
systemn parameters varying continuously with time ; f, (¢) are the prescribed external
forces ; Uy (t) are the controlling forces of bounded absolute value whose law of variation
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is to be determined,

The vector function u (¢) = || up (2) || (m X 1), which we shall call the "permissible
control”, is 2 measurable function which at each instant ¢, ¢, <t <Xt belongs to a paral-
lelepiped of the m-dimensional space of the variables uy, . . ., u,

) eU=4{u,)I<VU, LSI<H (p=1,...,m) (1.2)

The solution of differential equations (1, 1) for some u () € U will be denoted by
z, (&, u) (v=1,...,n).

Let us pose the following problem, We are to choose from the class of permissible
controls a law of variation of the vector function u * (z) such that

J (u*, u*) =min J (u, u) = min {R (u, u) + E (u, u)} (a < U) (1.3)
Here " n 1 ta m
R, w=5 M z2¢,u, E(, u= 75 [Z o, (1) 2 (t)] at (1.4)
v=1 L P=1 :

We assume that the time % has been specified in advance, that the weight coefficients
¢p (2) are known nonnegative functions, and that these coefficients can vanish at only a
finite number of points in the time interval ¢, <t < ¢, .

We call the permissible control which solves the above problem the "optimal control”,
and the corresponding trajectory of system (1, 1) the "optimal trajectory”.

Several authors [1—-4] have investigated the problem for the case where ¢, () = 0
(p=1,..., m), The presence of the functional E (u,u) whose value is the control meas-~
ure requires special investigation,

2, Problems of existence and uniqueness, Proceeding as in [5}, we can
readily show that our problem has one and only one optimal trajectory, and that fulfil-
ment of the B-condition (whereby m <X n and the rank of the matrix B () is equal to m-
almost everywhere in the time interval ¢, < ¢ < t;) implies that the optimal control is
unique,

38, Solution of the problem, Proceeding from system of differential equa-
tions (1, 1), we can readily show that the expression for the functional R (u,u) can be
rewritten as 4, » o n m n 1 no (3.1)

R (u, u) :S[Z N a, Wz, + 2 2 bWz, + 21,0 xv—! dt + = D@y

fo byt p—1 v=1 p=1 v=1 - v=1

1°. Derivation of the maximum principle, Recalling the results of [6]
and making use of expression (3, 1), we can find the optimal control law from the maxi-
mum conditions for the function

n n m
H* = 2 P, (t)[z a,, (e, + Z b,, (1) up—{—fv(t):l__

vl p=1 =1
~ n n n m n 1 m
D ERCEE D I LR CERAR SN O LR YN O R B CEY
L v=]1 p=1 v=] p=1 v=1 =1
with respect to the variables u,, . . ., u,, in the domain U, where ¥, (¢) is a nontrivial
solution of the system of differential equations
n
d(p,—=z) _ _
vdt — Z a,, () (b, — 7., v, (5)=0 (v=1,...,n) 3.3)
p=1

Since the function H* for fixed A, = ¢, — 7, and z, reaches its maximum together
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with the expressxon (3.4)
H(\ (), u)= Zl Syt My, —__2 co(yul, S, (1 h)= 2 b, (=1,...,m)
=1 =1 v=1

we can see that if the controlling forces vary according to the law

S,@ x)/c, () for |S,(¢ )| <e, () U,
w, (t, &)= . . (p=1....,m (3.9)
U,signS,(t, &) for |S (6, A)| >c, (U,
where A is a nontrivial solution of the associated system
dh
dtv —__ 2 L (t) }"P-' }“v (tl) =1, (tl’ w) (v=1,...,n) (3.6)

p=1
then the function H* reaches its absolute maximum with respect to the variables u,, ..,
eees Uy in the domain U.

We call a permissible control given by law (3. 5) an "extremal control” and the cor-
responding trajectory of system (1, 1) an "extremal trajectory”, It is easy to show (e.g.
see [6], pp. 202-206) that fulfilment of the generalized general position condition, i, e,
if at any instant ¢, t, << ¢ < ¢, and for any rib.u of the parallelepiped U the vectors

Bi(t)u, B:(f)u,..., By(f)u
are linearly independent in the phase-coordinate space, where the symbols By (£), Bs (¢),...
.ee,» By (f) represent the matrices dB;_ 1 (t) '
Bi()==B (1), B;()=—A®)B; ;) +— (=2 ...n)
then the functions S, (¢, 4) (p=1, ..., m) for any nontrivial solution A (f) = || A, (#)||

|| (r X 1) of associated system (3, 6) can vanish at only a finite number of points in the
time interval t, < t < t; . This means that provided the generalized general position
condition is fulfilled, expressions (3, 5) uniquely define the extremal control, which in
this case is a continuous vector function of time,

It should be noted that the matrices B, (), Bz (¢),.. ., B, () can be determined only
if the functions by,-(f) have n» — 1 derivatives, and the functions a,,. () have n — 2
derivatives, From now on we shall assume that the generalized general position condi-
tion is fulfilled for system (1, 1),

2°, Sufficiency of the maximum principle, Itis clear from the results
of the previous subsection that the optimal control must be one of the extremal controls.
Let us show that fulfilment of the generalized condition of positional generality implies
that an extremal control is optimal, i, e, that the maximum principle in the case of our
problem is not only a necessary, but also the sufficient, condition of optimality, To this
end we introduce the funct}lonal

t, m
K (u, u)= ';_ 21 z2(t,, u) + % S [21 e, (B u—2 dd);t(t) ] dt 3.7
in which the function @* (—t-) is given by the :axpression
n
or ()= S =z, (6 Wh* (O + 7, (¢, W) (3.8)
where AJ* (#) is the solution of s;:_t;m (3. 6) under the boundary conditions
M) =—2, () Wy, an=wey V=1...7) (3.9)

The elements w,* (¢) of the vector function W# () are defined by law (3. 5) for



An optimat terminal control problem 335

MO=A*@® (v=1,...,n).
By virtue of boundary conditions (3. 9),

1 n
S dd);t(t) dt = — 21 2,0 [A* (2p) + =, (£, W*)]
fg y==
K w)=J@ w= 3 1) +3,, %] (3.10)
v=1

Thus, the functionals X (u,u) and J (u, u), which differ by a constant independent
of the vector element u,reach their minima simultaneously,
On the other hand, recalling (1. 1), (3. 6),(3. 9), we find from (3, 8) that

dCD‘ (t) o dz, (t u) W dxv*(z)
é [W* (&) + =, (1, W] + 2 . =
m n ¢
= [wa (B A, (t)] o+ Z‘, fv (@A, (1) + Z ’( ) z, (L, W) (3.11)
p=1 v=1 ve=]

Substituting (3. 11) for d®* (2) / dt into the right side of (3,7), we obtain the following
expression :

K, u)=_;_ S 1=, (0, w) — =, (0, WP —

v=1
ty m
_3{2[2 By (DA, (z)],, __Zc (1) u, }dt-}—K' 3.12)
S p=1 ~v=1
where K* denotes the following constant mdependent of the vector element u :
n
Kt = 2 27, (0, W) — Zx (1, w*) — S [Z 1,03, @] ar. (3.13)
v=1 t v=1

Expression (3, 12) implies that the funcnonal K (u, u),and therefore the functional
J (u, u),reaches its minimum if and only if u,= u,*(?)y for all (p =1, . . ., m),i. e, if
the extremal control is optimal, QED,

3°, Discussion of the results, To find the optimal control law in accord-
ance with the above results we solve system (1, 1) for u, () = w, (¢, Mp=1,...,m
simultaneously with associated system (3, 5) ; the functions w, (t, A) are defined by law
(3.5).

From the mathematical standpoint we are dealing with a nonlinear boundary value
problem for which no effective method of solution has thus far been developed, The chief
difficulty lies in finding the initial conditions for the ancilliary variables A, ensuring ful-
filment of the necessary boundary conditions in (3.6). Determination of these constants
is an independent problem which, as is shown in [7], can be solved by the search method
[8] on ordinary electronic analog computers, However, the presence of nonlinearities of
the (3, 5) type makes it difficult to prove the convergence of this method (in fact, its
convergence has not yet been proved),

This obliges us to seek a different approach to the solution of our problem, Specifically,
instead of finding the optimal control law directly, we shall first construct a minimizing
sequence of permissible controls,

By a "minimizing sequence” we mean a sequence of permissible controls such that the
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corresponding sequence of values of the functional J (u, u) decreases strictly towards
J (u*, u*}=min J (v, u) (u € U)
in the limiting case,

The idea underlying this method of successive approximations was first proposed by
Dem'ianov in [4 and 9] and developed in [10], However, since the technique as worked
out in these papers concerns minimization with respect to the deviation measure only,
it cannot be applied directly because of the presence of the functional E (u, u)in the
optimality criterion, Some further analysis is required before such an application can
be made,

4, The method of successive approximations, Letustake u, (t) =
= uy’ (f) (p=1, ..., m) as our zeroth approximation, Here u,° () are arbitrary meas-
urable functions of time which assume values from the domain U’at every instant f,
ty < ¢ < t, . As already noted, the solution of system (1, 1) for u, (t) = u,° (¢) will be
denoted by x(z, u®) = ||z, (¢, u°) ]| (n X 1). Solving the ancillary adjoint system

d}"vo n
= N 2, O5, A==, 0,0 @=L...0) (&1
p=1
we obtain the law of variation of the function A,° (t) (v=1, .. ., n).
Now let us consider the vector function v° () = || v, () ]| {m X 1), where the elements
v,° (t) are given by the formulas
v,° (1) = U, sign [S, (¢ A —¢, Me, M p=1...,m (%.2)
and the vector function w° () = || w,° () || (m X 1), where the wy° (#) are defined by
the law
w0, (1) = {Sp A0 o 16 IISHO T pmtm 6
e U, sign S, (¢ &%)  for [S,(t A% >c, (1)U,

It is not difficult to show that
J@° v?)=min J (u°, u) <J @, u)J(u® u’) (usU) (4.4)

The validity of this statement follows directly from the theorem which is formulated
and proved in the Appendix,

Relation (4, 4) implies that two cases are possible: either J (u°, v*) = J (u°, u°) or
J{u®, v°) < J (u°, u°). In the first of these cases it is easy to show that u® (#) is the op-
timal control, and that the process is at an end. In the second case we take the follow-
ing expression as our optimal control law:

ul () :{ . ve () ] , %f J (v°°, v I (e, v°) @)
aou® (1) -F (1 — 20) v° (1), if  J(v°, vO) > J (u®, v°)
where the quantity % js given by the formula
. J(v®, v¢) — J (u°, v°)
0<(10__ ./(VD, V°)-- o (ll°, V°)+J(l’!°, uo) <1 (4.6)
It is not difficult to show that with the first approximation chosen in this way we have
J(ul, ul) < J (u°, u®) (4.7

Thus, if the zeroth approximation is not optimal, then it is always possible to choose
the first approximation in such a way that condition (4, 7) is fulfilled,

Let us assume that the kth approximation has already been determined, i. e, that we
already know the vector functions uP (2), x (¢, uk)=|} zy (£, W¥) || (» X 1), where
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z, (t, u*) is the solution of system (1, 1) for u, (t) = u,* () (p =1, .. ., m). Solving
the ancillary associated system

dn i
== 2 a0 A ) =—=, i uh (v=1,..,0) (4.8)
Ji==1
we obtain the law of variation of the ancillary functions A (1) (v =1, ..., n). Now
let us consider the vector function v (t) = [[u,* (¢) || (mX 1), where the elements vy (2)
are given by the formulas
v, (1) =U,sign[S, (¢, M) —c, () uF ()] (p=1,...,m) (4.9)

and the vector function w* (¢) = || w,? (¢) || (m X 1), where wyt (t) is defined by the law

k I3
wplc(t):{sp(t, Myle ()  for 1S, (t M) <o, (t)Up m 10)

: k
U,sign S, (8, M) for | S, (¢, &) | >c, (1)U,

Just as in the case of the zeroth approximation, we have
J @, vV =minJ @, <7 @, W <T @k 0 mep (4.11)
If J(uk, v&) = J (u*, u*), then u* (¢) is the optimal control and the process is at an

end, If J (uk, V) < J (ut, u*), we take the following expression as our optimal control
law:

) e 1), if J (vl:’ v'") < J (uf, v’f)
kil vi( A .
v {aku’f O+ @ —apviE, if  JEE V) > Tk, v (4.12)
where the quantity a; is given by
-k Ry vk
0< ay— T ) — T (e V) <. (4.13)

J (vF, vy — 27 ¥, vF) 4 T @, uF)
With the (k -i- 1)-th approximation chosen in this manner it is easy to show that
J (ukﬂ, ! Yoo (uk, uk) (4.14)

The resulting series of permissible controls {u* (#)} and the corresponding sequence
of trajectories {x (¢, u*)} of system (1. 1) are such that
J @S, u)>J @, ul)>. .. >J @k, uf) > . (4.15)
To prove the fact that the sequences {ut (#)} and {x (¢, uk)} are, in fact, minimizing
sequences in the above sense, we must show that the limit of strongly decreasing sequence
(4. 15) is the smallest of all possible values of the functional J (u, u). We denote the lat-
ter by J*. The following relation is valid:
lim [min J (u*, u)] = inf [lim J (u*, v¥)] > J* (ue U) (4.16)

k—zo k0%

The proof of this statement follows closely the proof of the analogous statement in
the problem of approximate realization of motion along a prescribed trajectory [10], and
will therefore be omitted,

It is now easy to show that

J*=1limJ @, v)=minJ (u,n) (ueU) 4.17)
k—»co

Let us assume that this is not so, i, e, that there exists a permissible control v (¢) € U
such that J,v)=J*—e, &>0

Then, by virtue of the fact that the functional J (u®, u*) — 2J (uk, v) + J (v, v)is
nonnegative, we have Tk, v) S Vo J (uk, uk) - T (v, V)] = J* + Yoe, — Yy

Since g, — 0 as k — oo, it follows that for sufficiently large 4 we have
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min J @ W) <7 (@, V)<JTT (@)

which contradicts inequality (4. 16), This contradiction means that our assumption is
invalid, Relation (4, 17) has therefore been proved,

Making use of the results obtained in [6] (pp. 146, 147) in proving the existence theo-
rems for the time-optimal operation problem and retracing the argument of [10], we can
readily show that among the sequences {uk ()} and {x (¢, u*)} there exists a pair of con-
vergent sequences {ut! (1)} and {x{z, u™)},whose limits have the following properties :
u* ()¢ U, and x (¢, u*)is a continuous vector function, Further, again following the rea-
soning of [10], we can readily show that the limit vector function x{¢, u*) is unique and
independent of the choice of the above pair of convergent subsequences,

Taking the limit as ! — o, we obtain

I —mmJ(u, v =limJ @, u' =J @, u*) (4.18)

Thus, the resulting sequences {u? (t)} and {x (¢, u®)}are, in fact, minimizing sequen-~
ces,
Recalling relations (4, 11), (4. 16),(4. 18) and making use of (4, 10), we see that for
those p for which the measure of the set of zeros of the function
ki3

S, A= b, 01 ()  (p=1,...,m) (4.19)
V=)
is equal to zero, the corresponding functions wp**i {t) tend to the unique limit functions

) (t) = {Sp (¢ A)/ e (1) for |S,(t, A" <c, () U,
p Upsign S, (6,47)  for [S,(.A1>¢,0)7,

where A* (i) is the solution of the associated system

- n
d;“; =—Da,Or" K (W=—z 1) w=1...,n  (42))
=1

Thus, the limit vepctor function u* (f), which is the optimal control by virtue of rela-
tion (4. 18), satisfies the Pontriagin maximum principle.

The statements proved above do not directly imply the uniqueness of the optimal
control, However, as was pointed out in Sect, 2, fulfilment of the B-condition implies
the uniqueness of the optimal control by virtue of the uniqueness of the optimal trajec-
tory. The greatest difficulties in approximate calculation of the optimal control law by
this method have to do with the solution of the system of the (4, 8) type. We know only
the values of the variables A at the instant ¢ = t;, so that determination of the law
of variation of the functions A, % (f) on a computer requires that we begin by determin-
ing the comesponding initial conditions for these variables. As is shown in [11-13], the
latter can be found by integrating system (4, 8) by "working backwards”, i, e. by intro-
ducing a new independent variable by means of the relation ¢= ¢ + t, — 0. This trans-
forms system (4 8) into

dAv (cs} —

e=1,...,m) (420

2 ay, (it —0)A k(c) AF @) =—a (1, v¥) (v=1,...,n) (4.22)

Since A " (o) AP (t, + to— ©), it is obvious that the values of the function
AR (0) at the instant o = t, serve as the initial conditions for the variables A, E which
ensure the fulfilment of the boundary conditions in (4. 8),
This enables us to propose the following computation procedure,
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1°, We choose some permissible control u* () = lu,® () ]| (n X 1) € U and solve
system (1. 1) for u, (1) = uy* (¢). The quantities z, (¢, w*) and J (u*, u*) are found in
the course of integration,

2°, We integrate system (4, 22) in the limiting case for 7, < ¢ <X ¢, and memorize the
values of the variables A% at the instant ¢ = ¢,.

3°, We solve system (4. 8) under the initial conditions A} (t,) = AP (ty) and at the
same time determine the elements v,* () of the vector functxon ok (1) = va" Ml (mx
X 1) by means of formula (4, 9).

4°, We integrate system (1, 1) for u, (#) = u,*(#) and at the same time compute the
quantities J (uk, vk) and J (v, v&),

5°, We compare the quantity J (u®, vk} with the quantity J(ak, u?) ; the computa-
tion process ends as soon as J (u®, ut)= J(u*, vk), If this does not occur, we compute
the next approximation from formulas (4, 12) and (4, 13) by means of ancillary functional
blocks, and the process begins again,

Appendix, To prove the theorem used in constructing the minimizing sequence of
permissible controls we must first establish the validity of the following lemmas,

Lemma 1, Letu’(s) be any prescribed measurable vector function which assumes
values in the domain U at every instant ¢, t, < ¢ <ty ; let ' () = llpp” (&) Ji(m < 1)
be the permissible control defined by the law

v () =U,sign[S,(t, M) —c, () uj (O], S, NM)=
n

=Nb, O (@ (=1...,n) (A1)
yeo=1
where A,” (#) is the solution of the associated system
dl‘\‘j i . :
- = — Z a,, O, ME)=—unl,w) G=1...,n) (A.2)
p=1

This means that ' i .
J @, viy=min J (@, yy=min [R(w, ) +E@,w] @&l) (A.3)
where R (uf, w)and E (u’,u) denote the following functionals:
n

R, u)= % N, (1, wl)zy (0, w) = —;— (x(t1, w)-x (tu) (A.49)
v 1 iy _m

E@, u)zgs LZ e, (B u,d (1) up} dt (A.5)
£ “p=1

Proof. We begin to prove this lemma by transforming the functional R (u’, u). As
we know, the solution of system (1. 1) for some u (t) & U can be expressed in matrix
form, t

x(tw=s@ +\XOX 1@ B@u@ds (A.6)
o
where s (¢} is the vector function t
s()=X (1) z° + § X (8) X1 (5) £ (5) ds (A.7)

to
The matrix function X (#) in the above expression is the normed fundamental matix
ofsystem(lL, ) foru, () =0{p=1,..,m), L(O=0(=1,..., n;:X?(s)de-
notes the inverse of the matrix X (o) .
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Substituting expression (A, 6) for # = ¢ into the right side of expression (A. 4), we

obtain 2
R/, wy=RI— % S (BT (1) M (1)-u (1)) dt (A.8)
where R’ denotes the quantity . b
, R =1/, (x (1, ul) 8 (1)) (3.9)
independent of u,and N (f) is the vector function
M () = (X OFXT () x (1, w) (A.10)

It is easy to show that the vector function N (2) defined by formula (A. 10) is the solu-
tion of adjoint system (A, 2),
The expanded form of expression (A, 8) is

R @, wy=RI— —;— § {i [i b,, (1) M (z)] up} dt (A.11)

to p=1 “v==]

By virtue of (A, 5) and (A, 11), the expression for the functional J (u', u) becomes

t m n
J (W, u)=R— -;— S {Z [Z by () MJ (&) — ¢, (1) u)f (z)] up} dt (A.12)
s p=] "v=1
The above expression shows that the functional J (W, u) assumes its minimum value
if and only if the u, vary according to law (A, 1), Lemma 1 has been proved,
Lemma 2, Let u (f) be any given measurable vector function wh1ch .assumes
values in the domain U at every instant #, £, << ¢ <C # and let W' (£) = lwh O (mx1)

be the permissible control defined by the law
w J ()= {So(t’ Mo (1) for |S,( M) <e, (BT,
)

. A =1,....n) (A3
U, sign Solt,h) for |5, M| >, (0T, m (A3

where 7»3; (#) is the solution of adjoint system (A, 2),
The following relation is then valid: ‘
9R (), wi) + E(W, w) =min 2R (W, ) + Ew, w)] @ET) (A.14)
Proof, Recalling expression (A, 11) for the functional R (!, u) we obtain the follow-
ing expression for the functional 2R W, u) + E(u, n) :

2R (vf, u) + E (u, w) = 2R’ WS: { é [% by, () 1) (t)] up} dt + % § [é‘: oo (1) ui] dt =
35,0 Jo) |}a

N m m
: 1 i . 2
=2R’—{-—2—-S {2 e, (1) [(up——m 2 byp(t”v,’ (t)) \¢, (t)
o p==] ) 3 va=1 »=1 (A 15}
We infer from this expression that the functional 2R (v, u) + E (u, u) becomes mi-
nimal if and only if ¥, = w,, (z), where the functions w‘,’ () are given by (A, 13), QED.
Lemma 3, The following inequality is always valid for any two permissible con-

wl W EV, W EU: ,p i wiy < B (wl, w)+ E (W, W) (A.16)

The proof of this statement follows directly from the condition of nonnegativeness of
the functional B = E (u’, u') — 2E (u/, w)) > E (v, w).

Lemma 4, Letall the conditions of Lemma 2 be fulfilled, The following inequa-
lity is then valid:
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J (o, W) T (wf, w) (A7)
Proof, Expression (A, 14) implies that
2R (W, wi) 4 E (w!, wi) < 2R (W, w) + E (u!, uf) (A.18)
and by virtue of Lemma 3 we have
2 (W, wiy << E (uf, ul) + E (w?, wi) (A.19)

Adding (A, 18) and (A, 19), we obtain

2R (W, wi) -+ 2E (uf, wi) < 2R (0!, w) + 2E (uf, u)
This implies the validity of Lemma 4,
The above lemmas clearly imply the following theorem,

Theorem, The following relation is valid for any given measurable vector function
u’ (t) which assumes values in the domain U at every instant ¢, %, < I < 4

J (W, vi)y=min J (w/, u) < J (/, w) << J (W, v) (usU) (A.20)
where the elements of the vector functions
vigy =]z i @Olmx 1), W (O)=|w®)](mX1)
are given by Formulas (A, 1) and (A, 13), respectively,
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